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$ QHZ PHWKRG IRU QHWZRUN UHGHVLJQ YLD UDQN
RQH XSGDWHV
+DQQHV *HUQDQGW 'RPLQLN .UDXH 5DOI 6RPPHU DQG &DUVWHQ 7UXQN
$EVWUDFW
:H SUHVHQW D PHWKRG WR SODFH WKH HLJHQYDOXHV RI DQ HOHFWULFDO QHWZRUN WRZDUGV
D SUHVFULEHG VHW RI FRPSOH[ QXPEHUV E\ LQVHUWLQJ DQ DGGLWLRQDO FDSDFLWDQFH LQWR WKH
QHWZRUN :H XVH UHFHQW UHVXOWV RQ UDQN RQH SHUWXUEDWLRQV RI UHJXODU PDWUL[ SHQFLOV
.H\ZRUGV 6WUXFWXUHG UDQN RQH SHUWXUEDWLRQ PDWUL[ SHQFLOV HLJHQYDOXHV HOHFWULFDO QHW
ZRUN
 ,QWURGXFWLRQ
:H FRQVLGHU PDWUL[ SHQFLOV A(s) = sE − A IRU s ∈ C ZLWK E,A ∈ Cn×n +HUH
WKH SHQFLO A(s) LV DVVXPHG WR EH UHJXODU ZKLFK PHDQV WKDW det(sE − A) LV QRW WKH
]HUR SRO\QRPLDO )RU A(s) UHJXODU WKH I QLWH HLJHQYDOXHV DUH JLYHQ E\ WKH ]HURV RI WKH
FKDUDFWHULVWLF SRO\QRPLDO det(sE − A) DQG∞ LV VDLG WR EH DQ HLJHQYDOXHV RI A(s) LI
E LV QRW LQYHUWLEOH 7KH VHW RI DOO HLJHQYDOXHV RIA(s) LV GHQRWHG E\ σ(A)
,W LV RXU DLP WR LQYHVWLJDWH WKH HLJHQYDOXHV XQGHU +HUPLWLDQ UDQN RQH SHUWXUEDWLRQV
RI WKH IRUP
P(s) := (αs− β)uuT , α, β ∈ R, u ∈ Rn, 
6WUXFWXUHG UDQN RQH SHUWXUEDWLRQ RI WKH IRUP  DULVH LQ QHWZRUN UHGHVLJQ FRQVLGHUHG
LQ >@ DQG WKH\ DUH JLYHQ LQ WHUPV RI WKH FDQRQLFDO XQLW YHFWRUV ei LQ Cn E\
Cij(s) := sdijdTij , dij :=
√
cij(ei − ej) cij > 0, i, j = 1, . . . , n, i < j. 
,Q WKLV VHWWLQJ WKH SHQFLO (A+P)(s) GHVFULEHV WKH QHWZRUN ZLWK DQ DGGLWLRQDO FDSDFLWRU
EHWZHHQ WKH QRGHV i DQG j LQ WKH QHWZRUN 1RWH WKDW YDULRXV ORZUDQN SHUWXUEDWLRQ
UHVXOWV IRU PDWUL[ SHQFLOV ZHUH REWDLQHG LQ > ±@
:H ZLOO VWXG\ WKH IROORZLQJ SUREOHP *LYHQ D VHW {μ1, . . . , μr+1} r ∈ N RI
SDLUZLVH GLVWLQFW FRPSOH[ QXPEHUV DQG α, β ∈ R GRHV WKHUH H[LVW D UDQN RQH SHQFLO RI
WKH IRUP  VXFK WKDW
σ(A+ P) \ {∞} = {μ1, . . . , μr+1} \ {∞} 
KROGV DQG LQ FDVH RI H[LVWHQFH LV WKHUH D ZD\ WR FRPSXWH P(s)" :H DUH DOVR LQWHUHVWHG
LQ I QGLQJ D SHUWXUEDWLRQ P(s) WKDW LV FORVH WR WKH SUHVFULEHG VWUXFWXUHG SHUWXUEDWLRQ
FODVV  FRQVLGHUHG LQ >@

 3UHOLPLQDULHV
)RU UHJXODUA(s) DQG λ ∈ C ZH GHQRWH WKH JHRPHWULF PXOWLSOLFLW\ RI λ E\ gmA(λ) :=
dimker(λE−A) DQG WKH DOJHEUDLF PXOWLSOLFLW\ amA(λ) LV WKH ]HUR RUGHU RI detA(s) DW
λ )RU λ = ∞ RQH GHI QHV gmA(∞) := dimkerE DQG amA(∞) := n−deg detA(s)
,Q PDQ\PRGHOV IRU HOHFWULFDO FLUFXLWV ZH KDYH VLPSOH HLJHQYDOXHV RQO\ LH amA(λ) =
gmA(λ) = 1 DW DOO I QLWH HLJHQYDOXHV λ ∈ σ(A) \ {∞} DQG D VHPLVLPSOH HLJHQYDOXH
DW∞ LH amA(∞) = gmA(∞) +HQFH ZH DVVXPH WKDW A(s) = sE − A LV GLDJRQDO
L]DEOH LH WKHUH H[LVW LQYHUWLEOH PDWULFHV S, T ∈ Cn×n DQG r ∈ N VXFK WKDW ZH DUH LQ
:HLHUVWUD FDQRQLFDO IRUP FI >@
S(sE −A)T =
(
sIr − Λ 0
0 −In−r
)
, Λ ∈ Cr×r, 
ZKHUH Λ =GLDJ (λi)ri=1 LV D GLDJRQDO PDWUL[ ZLWK SDLUZLVH GLVWLQFW HOHPHQWV RI σ(A) \
{∞} RQ LWV GLDJRQDO
:H XVH WKH PDLQ FRQVWUXFWLRQ IURP >@ WR FRQVWUXFW WKH SHQFLO P(s) VXFK WKDW 
KROGV &RQVLGHU WKH UHSUHVHQWDWLRQ  DQG GHFRPSRVH DFFRUGLQJ WR WKH EORFN VWUXF
WXUH (u1, . . . , ur, uT∞)T := Su (v1, . . . , vr, vT∞)T := T Tu ZH FDQ ZULWH
det(sE −A+ (αs− β)uuT )
= det(sE −A)
(
1 + (αs− β)
( ∑
λi∈σ(A)\{∞}
viui
s− λi − v
T
∞u∞
))
= (−1)n−r det(ST )−1
r∏
i=1
(s− λi)Θ(s),

ZKHUHΘ(s) LV JLYHQ E\
Θ(s) := 1 + (αs− β)
( ∑
λi∈σ(A)\{∞}
viui
s− λi − v
T
∞u∞
)
.
,Q WKH ODVW VWHS ZH XVHG > 3URSRVLWLRQ  G@ ZKHUH WKH LGHQWLW\ det(sE − A) =
(−1)n−r det(ST )−1∏ri=1(s − λi) ZDV VKRZQ )RU D JLYHQ VHW RI SDLUZLVH GLVWLQFW
QXPEHUV μ1, . . . , μr+1 ∈ C \ {β/α} α = 0 ZH GHI QH WKH SRO\QRPLDOV
q(s) := det(β/αE −A)
r+1∏
i=1
s− μi
β/α− μi
DQG
pλ(s) :=
{
det(sE−A)
s−λ IRU λ ∈ σ(A) \ {∞}
− det(sE −A) IRU λ = ∞
2EVHUYH WKDW  KROGV LI DQG RQO\ LI q(s) = det(sE−A+(αs−β)uuT ) DQG WKHUHIRUH
IURP  ZH REWDLQ WKDW  LV HTXLYDOHQW WR
q(s)− det(sE −A)
αs− β =
∑
λi∈σ(A)\{∞}
viuipλi(s) + v
T
∞u∞p∞(s) 

ZKHUH WKH OHIW KDQG VLGH RI  LV D SRO\QRPLDO RI GHJUHH DW PRVW r
 0DLQ UHVXOW
)URP HTXDWLRQ  ZH REWDLQ WKH IROORZLQJ PDLQ UHVXOW
3URSRVLWLRQ  /HW A(s) = sE −A EH D UHJXODU PDWUL[ SHQFLO VDWLVI\LQJ  α = 0
β/α /∈ σ(A) *LYHQ SDLUZLVH GLVWLQFW μ1, . . . , μr+1 ∈ C \ {β/α} WKHQ WKHUH H[LVWV D
SHUWXUEDWLRQ P(s) = (αs − β)uuT VDWLVI\LQJ σ(A + P) \ {∞} = {μ1, . . . , μr+1} LI
DQG RQO\ LI WKHUH LV D VROXWLRQ RI
viui =
q(λi)
(αλi − β)pλi(λi)
, λi ∈ σ(A) \ {∞}, vT∞u∞ = −
∏r
i=1(
β
α
− λi)
α
∏r+1
i=1 (
β
α
− μi)
.

3URRI ,W ZDV DOUHDG\ REVHUYHG WKDW WKHUH LV D VROXWLRQ WR  LI DQG RQO\ LI  KROGV
%\ SOXJJLQJ LQ WKH HLJHQYDOXHV λ ∈ σ(A) LQ  DQG FRPSDULQJ WKH FRHII FLHQWV RQ
ERWK VLGHV ZH REWDLQ WKH HTXDWLRQ RQ WKH OHIW KDQG VLGH RI  IRU DOO λi ∈ σ(A)\{∞}
)XUWKHUPRUH FRPSDULQJ WKH OHDGLQJ FRHII FLHQWV OHDGV WR WKH VHFRQG HTXDWLRQ LQ 
$VVXPH FRQYHUVHO\ WKDW  KROGV 7KHQ WKH OHDGLQJ FRHII FLHQWV RI WKH SRO\QRPLDOV
RQ WKH ULJKW DQG OHIW KDQG VLGH RI  FRLQFLGH &DQFHOOLQJ WKH OHDGLQJ WHUP RQ ERWK
VLGHV ZH REWDLQ SRO\QRPLDOV RI GHJUHH OHVV RU HTXDO WR r $JDLQ  LPSOLHV WKDW 
KROGV IRU DOO λi ∈ σ(A) i = 1, . . . , r DQG WKHUHIRUH WKH SRO\QRPLDO RQ WKH OHIW KDQG
VLGH LQ  LV WKH VDPH DV WKH SRO\QRPLDO RQ WKH ULJKW KDQG VLGH RI  7KXV ZH
KDYH SURYHQ 
$V D VSHFLDO FDVH RI 3URSRVLWLRQ  ZH FRQVLGHU WKH FDVH ZKHUHE = E∗ DQGA = A∗
7KHQ > 7KHRUHP @ LPSOLHV WKDW ZH FDQ FKRRVH T = S∗Σ LQ  ZKHUH Σ =
diag(εi)
n
i=1 LV D PDWUL[ RI FKDUDFWHULVWLF VLJQV εi = ±1
&RUROODU\  $GGLWLRQDOO\ WR WKH DVVXPSWLRQV RI 3URSRVLWLRQ  DVVXPH WKDW E = E∗
DQG A = A∗ ZLWK WKH FKDUDFWHULVWLF VLJQV Σ = diag(εi)ni=1 WKHQ  KDV D VROXWLRQ LI
DQG RQO\ LI
εi = sgn
q(λi)
(αλi − β)pλi(λi)
, sgn −
∏r
i=1(
β
α
− λi)
α
∏r+1
i=1 (
β
α
− μi)
∈ {εr+1, . . . , εn}.
3URRI 7KH UHODWLRQ T = S∗Σ IURP > 7KHRUHP @ LPSOLHV WKDW (v1, . . . , vr, vT∞) =
ΣSu DQG (u1, . . . , ur, uT∞) = Su 6LQFH u ∈ R ZH KDYH vi = εiui IRU DOO i = 1, . . . , r
DQG v∞ = diag(εr+1, . . . , εn)u∞ 3OXJJLQJ WKLV LQWR WKH FRQGLWLRQV  SURYHV WKH
FRUROODU\

 2XWORRN
:H DSSO\ WKH UHVXOWV WR WKH VHWWLQJ RI D PRUH UHVWULFWHG SHUWXUEDWLRQ FODVV JLYHQ E\ 
,Q WKLV FDVH ZH KDYH α = 1 DQG β = 0 7KH EDVLF LGHD LV WR VHOHFW WKH HOHPHQW Cij(s) =
sdijd
T
ij RI WKH IRUP  ZLWK (x1, . . . , xr, xT∞)T := S(ei− ej) (y1, . . . , yk, yT∞)T :=
T T (ei − ej) WKDW PLQLPL]HV WKH WRWDO HUURU LQ 
min
cij>0
r∑
k=1
∣∣∣∣cijxkyk − q(λk)λkpλk(λk)
∣∣∣∣
2
+
∣∣∣∣∣cijyT∞x∞ −
∏r
i=1 λi∏r+1
i=1 μi
∣∣∣∣∣
2
. 
7KH FDSDFLWDQFH Cij(s) PLQLPL]LQJ  FDQ EH IRXQG E\ SHUIRUPLQJ D VLPSOH OLQH
VHDUFK RYHU WKH SDUDPHWHU cij 
5HIHUHQFHV
>@ ) 'RSLFR - 0RUR DQG ) 'H 7HUDQ /RZ UDQN SHUWXUEDWLRQ RI :HLHUVWUDVV VWUXF
WXUH 6,$0 - 0DWUL[ $QDO $SSO  ± 
>@ ) *DQWPDFKHU 7KHRU\ RI 0DWULFHV &KHOVHD 1HZ <RUN 
>@ + *HUQDQGW DQG & 7UXQN 2Q WKH SDUDPHWULF HLJHQYDOXH EHKDYLRU RI PDWUL[ SHQ
FLOV XQGHU UDQN RQH SHUWXUEDWLRQV 3URF $SSO 0DWK 0HFK  ± 
>@ + *HUQDQGW DQG & 7UXQN (LJHQYDOXH SODFHPHQW IRU UHJXODU PDWUL[ SHQFLOV ZLWK
UDQN RQH SHUWXUEDWLRQV 6,$0 - 0DWUL[ $QDO $SSO  ± 
>@ & 0HKO 9 0HKUPDQQ DQG 0 :RMW\ODN 2Q WKH GLVWDQFH WR VLQJXODULW\ YLD ORZ
UDQN SHUWXUEDWLRQV 2SHU 0DWULFHV  ± 
>@ 5 6RPPHU ' .UDXH ( +HQQLJ ( 6FKDHIHU DQG & 6SRUUHU $ QHZ PHWKRG
IRU DXWRPDWHG JHQHUDWLRQ RI FRPSHQVDWLRQ QHWZRUNV ± 7KH ('$ 'HVLJQHU )LQJHU
'HVLJQ $XWRPDWLRQ DQG 7HVW LQ (XURSH &RQIHUHQFH DQG ([KLELWLRQ '$7( ±
 
>@ 5 7KRPSVRQ 7KH FKDUDFWHULVWLF SRO\QRPLDO RI D SULQFLSDO VXESHQFLO RI D +HUPL
WLDQ PDWUL[ SHQFLO /LQHDU $OJHEUD $SSO  ± 
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